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Spin Glass State and Other Magnetic Structures
with Their Symmetries in Terms of the Fibre
Bundle Approach

JERZY WARCZEWSKI,* PAWEL GUSIN
AND DANIEL WOIJCIESZYK

University of Silesia, Institute of Physics, ul. Uniwersytecka 4,
40-007 Katowice, Poland

The fibre bundle approach has been applied to derive the explicit formulas presenting
all the eight fundamental magnetic structures and their symmetry groups including the
spin glass state. The explanation of the uniqueness of the spin glass state has its roots
in the appearance of the probability function p (i, j) in the second term of the assumed
Hamiltonian. This term actually describes the random distribution of either dopants or
defects in the ferromagnetic matrix under the percolation threshold. On this basis the
Gaussian type randomness was derived for both the general global magnetic coupling
constant and the magnetization vector, the latter effect bringing to the statistical features
of the magnetic structure and the magnetic symmetry group of the spin glass state.

Keywords spin glass state; magnetic structures; magnetic symmetry groups;
fibre bundle approach

PACS 75.10.Nr; 75.50.Lk; 75.10.Dg

1. Introduction

To describe the symmetry of the magnetic structures as well as all other aperiodic structures
one needs to formulate the corresponding symmetry groups whose action on these structures
leaves them invariant. Several attempts in this respect have been undertaken, e. g. spin groups
[1-3] or generalized color groups [4—6]. The extension of the spin groups to the description
of quasicrystals is presented in [7]. The fibre bundles and their topological structures present
a kind of a generalization of the Cartesian product of two spaces with arbitrary dimensions.
Moreover this approach remembers to some extent the wreath groups concept introduced
by Litvin [8—10], because a wreath group acts in a similar way as a structural group of the
fibre bundle. As concerns the spin glass state, the authors have earlier proved that a certain
minimum magnetic field appearing spontaneously is necessary for the stability of the spin
glass state [11].

2. Fibre Bundle Approach

As the fibre bundle approach will be applied here to the description of the symmetry of
magnetic structures let us recall a few definitions. A fibre bundle consists of [12]:
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e E —total space,

® B — base manifold,

¢ E —fibre (a kind of space, which is ascribed to every point of B and is “parametrized"”
by this point),

® G —a structural group which acts in a given fibre E,

® projection : E — B,

e sectionof E:s: B — Eifmos =id.

The fiber bundle is generalization of the Cartesian product of two vector spaces. The
total space E is a manifold which locally looks like a product of the fibre E and of open
sets, which cover the base manifold B.

3. Structure of the Bundle

In this section let us present the structure of a vector bundle serving to the description of the
magnetic structures. The main idea of this structure consists in the use of the geometrical
language of the vector bundles. It is well known that the vector bundles create the frames
of the Standard Model of the elementary particles because they make a useful tool of the
description of the fundamental elementary interactions. It seems that the application of the
vector bundles to the description of the magnetic structures makes possible the unification
of this description for all the structures and their symmetries.

The base manifold B of the six-dimensional vector bundle E¢ makes here the space
filled with a magnetic system represented by 2-dimensional lattices of atoms creating
magnetic planes P,, where n numerates the consecutive planes. Thus the base manifold B
is sum:

B =UP,. (1)

n

Each of these planes possesses a constant magnetization vector M,,. With each such plane
P, is connected a fibre E, which is a 3-dimensional vector space. Hence the total space of
the bundle E¢ assumes locally the form:

P, x E. 2)
The transition functions ¢,,, define a mapping:
Gmn : (Pn N P) X E— (P, N P,) xE 3)

and can be determined by giving for a vector r € P,, N P, the linear mapping ¢,,, (r) acting
in the fibre E :

¢mn (I', e) = (r’tmn (I') e) 5 (4)
where e € E. The mappings 7,,, (r) meet the folowing conditions:

1. tum (r) = I3 (unit matrix 3 x 3),
2. by (1) =11 (1),
3. ifre P, N P, N P, then: t,,, (r) t,, (r) = t,, (r) (cocycle condition).

The section of the bundle Eg is a mapping from the base space B to the total space
Es. In the case under consideration the section is defined by the magnetization vector field
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M (r) for every r € B. It means that to every point belonging to B is assigned a vector M
belonging to the three-dimensional vector space being the fibre E.

The planes P, covering the base manifold B do not cross for the seven following
magnetic structures: f — ferromagnetic, a — antiferromagnetic, s — simple spiral, fs —
ferromagnetic spiral, ss — skew spiral, ¢ — transverse spin wave, [ — longitudinal spin wave.
The way of transition from one plane P, to another plane P, determines the symmetry
group of the system. In this case the transition functions ¢, create the symmetry group,
which is simultaneously the group G of the bundle structure. In other words G is a structural
group which acts in the standard fibre E.

In case of the spin glass state the planes P, cross creating the common parts as a
result of the random fluctuations of the system. Thus for the spin glass state a space of the
global magnetic coupling constant has been introduced (see Section 7) as the representative
quantity of this state. This space makes the fibre. The symmetry group of the structure of
such a bundle is group S O(2), whose group elements are functions of the points of the base
space. Group SO(2) creates here a local gauge group.

4. The Extension of the Magnetic Moments to the Continuity Mode

The magnetization vector M after a certain modification can be interpreted as a section
of the vector bundle E¢. This section should have a special form because in the physical
system the magnetic moments are localized on the magnetic atoms and they vanish outside
these atoms in the ideal crystal. To make possible the use of the fibre bundles approach one
has to assure that these sections (vectors M) be continuous.

Let us first extend to the continuity mode a magnetic moment m; of the i-th magnetic
atom in the following way [13,14]:

m(r) = m; exp [—(r — 1;)* /&7], Q)

where r; is the position vector of the i-th magnetic atom, £ is a parameter of the characteristic
scale of the atomic sizes.

Such a situation seems to be more physical, because in this case a magnetic moment
presents a field which is significant only close to the crystal positions of the magnetic atoms
and decreases outside very quickly.

Let us assume that the vector M,, (r) presents a vector sum per a unit volume of the
atomic magnetic moments in a crystal sample of a given magnetic structure indexed by m.
Thus

M, (r) =) M, (r,1,), (6)

where r, is the coordinate of the n-th crystal plane and M,,(r, r,,) represents the magneti-
zation of this plane.

Therefore according to the central theorem of the theory of probability (the Lyapunov
theorem) the analogous formula to Eq. (5) is valid also for the vector M,, (r, r,,):

M,, (r,1,) = M, exp [—(r — 1,,)* /d*], )

where d is a distance between the neighbour crystal planes.
The index m corresponds to the eight following structures: m = f, a, s, fs, ss,t,[, sg,
where: f — ferromagnetic, a — antiferromagnetic, s — simple spiral, fs — ferromagnetic
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spiral, ss — skew spiral, ¢ — transverse spin wave, / — longitudinal spin wave, sg — spin glass.
The case of spin glass will be discussed below. The exponential factor guarantees here that
the section M,, (r) is continuous and has a small value outside the crystal plane.

5. The Types of Eight Sections of the Fibre Bundle E¢

The types of these sections, which represent magnetic structures or in other words the
magnetization vectors M,, (r) are given below [13]:

1. Ferromagnetic structure (f):

M;=Me, (8)
2. Aantiferromagnetic structure (a):
M, = (=1)" Me, )
3. Simple spiral (s):
M, = M cos (n¢)€; + M sin (n¢) e, (10)
where ¢ is the spiral angle,
4. Ferromagnetic spiral (fs):
M/, = M cos(ng)e; + M sin(ng)e, + M sinyes, (11

where v is the angle between the vector M and the plane (€1, €),
5. Skew spiral (ss) :

M,, = M [cos® (ng) + sin® (n$) cos 0] cos (n) €
+ M [0052 (n¢) + sin® (n¢) cos 0] sin (ng) e,

. .0 6 .0 -
+2M sin (n¢) sin > cos? 5 + sin? > cos? (ng)e;, (12)

where 0 is the angle between the plane (€1, €;) and the plane of the spiral; in other words
0 is the skew angle and 6 < 7 /2.

As concerns the spin waves, let us consider them as the frozen waves in the crystal.
Therefore no matter whether we deal with the commensurate or incommensurate spin waves
one can represent these waves as follows:

6. Transverse spin wave (¢):

M, = f(m)Me, 13)

where f(n) is the periodic function with the period equal to the spin wavelength. Note
that if the latter period is commensurate with the crystal periodicity one can say that the
spin wave is commensurate, and vice versa the incommensurability of f(n) points to the
incommensurability of the spin wave. Therefore if » numerates the crystal planes, then
f(n) represents the values of this function on these planes. The above remarks apply also
to the longitudinal spin waves:
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7. Longitudinal spin wave (/):
M, = f(m)M'e;. 14

Note that the general formula concerning all the three spirals mentioned above, i.e. items
3., 4. and 5., can be expressed as follows:

My (¢,0,9)=M [cos2 (n@) + sin® (n¢) cos 6] cos (ng) €
+ M [cos® (n$) + sin® (ng) cos 0] sin (ng) €

. . 0 o . ,0 . ~
+M 2sm(n¢)sm§ cos2§+sm2§cosz(nq>)+sm1ﬂ €3, (15)

where A = s, fs, ss. Thus the three angles ¢, 6, ¢ describe in an unambiguous way all
the three spirals, namely s corresponds to 0 < ¢ <, 8 =0, =0, fs corresponds to
O<¢p<m60=0,¢% <m/2,sscorrespondsto0 < ¢p <m, 0 <m/2,¢¥ =0.
8. Spin glass (sg):
r—r)’
Msg (r) = 52 |

2‘71‘2

(01)"** m; exp [— (16)

1
v@r) Z

(see below Section 7, Eq. (40)).

The randomness of M, (r) seems to be of a Gaussian type, because it is a sum
of many other random quantities, the subject of the central limit theorem of the theory
of probability (the Lyapunov theorem). Therefore the above formula corresponds to the
following distribution function of My,:

A7)

_ 2
F(My,) = _M] ,

2y?

1

1
()" exp[
V@)
where My is the average value of magnetization and X is the variance of the Gauss
distribution.

6. Total Magnetic Symmetry Groups Corresponding to the Above Sections
(Magnetic Structures)

A total magnetic symmetry group can then be defined as a group which remains M,, (r)
invariant. This group consists of two factors: G,,, which is defined below, and G », which
presents the symmetry group of the crystalline structure [13].

A magnetic symmetry group G, is defined here by the invariance of the above vectors
M,, (r) with respect to some elements of the Euclidean group e(3) of the three-dimensional
space V3.

Thus the magnetic group G,, is defined for the above structures by the condition:

Gn ={g €eB)lg M, =M,}, (18)
where the dot - means the action of g on M,,:

g§-M, =AM, +t, g=(A1. 19)
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A is a rotation matrix and t is a translation vector and is taken as modulo lattice vector. Let
us find the explicit forms of the symmetry groups for the above eight magnetic structures
[13].
1. The magnetic group Gy for the ferromagnetic structure. This group has to conserve
M =M 611
f

g -My=AM; +t. (20)
Thus:

A€ =€y, t=0. (21)
From these conditions it follows that the matrix A has the form:

100
A=10a b (22)
0cd

where ad — bc = 1. This magnetic group in the space V3 has the form:
Gr= Oab|,0] andad —bc=1;. (23)

The total magnetic group Gf in the space Eg is the tensor product of G, and the space
group G, of the crystal structure:

5f:Gf®GA. 24)

2. For the antiferromagnetic structure one can obtain:

(=D"00
G, = 0O ab]|,0) andad —bc=1;. (25)
0 cd

The index n numerates the consecutive crystal lattice planes; to each such plane a corre-
sponding vector M is ascribed. The total magnetic group G, in the space Eg is the tensor
product of G, and the space group G 5 of the crystal structure:

Go=G,®G,. (26)
3. For the simple spiral the symmetry group G in V3 has to conserve:
g-M; = AM; +t. (27
This condition leads to the group Gy:
cosae —sina 0

G, = sine cosa 0 ],0] anda=¢ ;. 28)
0 0 1
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Thus:
G, =G, ®G,. (29)

4. In the case of the ferromagnetic spiral the symmetry group G, in V3 presents
a product of the corresponding symmetry matrices for both the simple spiral and the
ferromagnetic structure taking into account that this time the ferromagnetic component
points the direction €3:

acosa +bsinae —asinae +bcosa 0

Gy = csina +dsine —csina+dcosa 0 |,0)] anda =¢, ad —bc =1} . (30)
0 0 1

Note that the value of v is related to the values of a, b, ¢, d. Thus:

Gfs = Gfs ® Gy (31)

5. In the case of the skew spiral the symmetry group G, in V3 presents a product of the
corresponding symmetry matrices for both the simple spiral and the rotation of this simple
spiral about the €; axis of the angle 6:

cos o —sina 0
Gy = sinecosf cosacosf —sinf |,0] anda =¢ ;. 32)
sinasind cosasinf cos6

o~

Gss =G @Gy
6. and 7. Spin waves:
G,; = {(0, h) where h is the periodicity vector of the function f in (13) or (14)}. (33)
Thus:
Gii =G ®Gy. (34)

8. Spin glass:

In the case of the spin glass the symmetry group G, in V3 corresponds to the ar-
bitrary precession of the vector M around the direction of the stabilizing magnetic field
mentioned in Introduction for ¢ = const (see Section 7). Hence G, = SO (2). Note that
this precession can be also quantized. Thus:

-~

Gy =Gy ® Ga. (35)

7. Spin Glass State: The Eighth Magnetic Structure and Its Symmetry
in Terms of the Fibre Bundle Approach

To describe the spin glass state for the ferromagnetic matrix below the percolation threshold
let us assume the following Hamiltonian with two terms [15]:

Nj—n,»

H= _Z Z JiSi S —Zzli}p(i,j)ﬁi S, (36)

j#ii=1 j#i =1
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where N; is a number of magnetic ions surrounding a j-th magnetic ion and interacting with
it with a coupling constant J;, n; is a number of dopants (or defects) surrounding a j-th ion,
Jj; is coupling constant between i-th and j-th ion in the presence of a dopant (or a defect),
p(i, j) is probability of appearance of a dopant (or a defect) between i-th and j-th ions.
The latter function corresponds to the situation below the percolation threshold [15,16].
Quantum-mechanical equation for magnetization M in the external magnetic field H(r, ¢t) =
ho cos(q - r) cos(wt) oriented in direction z represents the time derivative dM(K, ¢)/dt as a
function of the parameter 7(—q’) (see below) [17].

Letus denote a, b, c = 1, 2, 3. Thus this equation for the a-th component of the vector
M looks like:

Mok, 1) _ T —q)Bulk + @)S5(@) + Sy@)Se(k — ¢
T—uem; (—q)[Se(k + q)Sp(q)) + (Sp(q)S.(k — q))]
1
+ Eh08c¢b3[Mb(k +q') + M,k — q)] cos(wr), (37)

where u = g/ hV and the parameter J (—q'):

Nj—n;

5 (_q/) _ Z Z Jijeiq’.(R,»—Rj) + Z Zj Ji/jp @, j) o (Ri—R;) (38)

J# i=1 Jj#i i=1

Assume that the external magnetic field H (r, ¢) is equal to zero. Therefore the second term
on the right hand side of Eq.(37) vanishes.

7(—q’) itself turns out to be a Fourier transform of the magnetic coupling constants
Jij and Jl/j . Therefore 7(—q’) can be interpreted as a kind of a “global” magnetic coupling
constant. It is obviously a random quantity because of the probability function p(i, j)
appearing in the second term of the right hand side of Eq. (38). ~

The randomness of J(—q') seems to be of a Gaussian type, because J(—q') is a sum
of many other random quantities, the subject of the central limit theorem of the theory of
probability (the Lyapunov theorem). Therefore the distribution function F (7) has the form:

~ o~ 02
F(J)= (Z)) P exp [—ﬂ] : (39)

2m)3 2%?

where X; is the variance of the Gauss distribution and :70 is the average value of 7.

By the way the random distribution p(i, j) leads to the random distribution p(J,fj) [18].
It causes the frustration of the magnetic couplings and the appearance of the spin glass state
in the ferromagnetic matrix containing either dopants or defects.

The global magnetic coupling constant can be transformed by the Fourier transforma-
tion from the momentum space into position space conserving its Gaussian-like randomness.
Taking into account its randomness one can say that the magnetization vector in the spin
glass state becomes also a random quantity, which—after linearization of the quantum-
mechanical equation for magnetization M — assumes also the Gaussian-like distribution
(the Lyapunov theorem applies again). It is because during the operation of linearization
the Gaussian mode of randomness is conserved. The latter concerns both the value and the
direction of the magnetization vector.
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Let us call ¢ the angle between the magnetization vector and the direction of the
spontaneous homogeneous magnetic field which stabilizes the structure of the spin glass
state [11]. Thus for ¢ = const the energy of the system does not change.

In an isolated physical system with the structure of the spin glass state another effect
could in principle keep also constant the energy of the system, for instance if any infinites-
imal random fluctuation mentioned above of the value of the magnetization vector takes
place, then—according to the law of conservation of energy—it has to be accompanied by
the corresponding change of the angle ¢ compensating the change of energy caused by this
fluctuation. The same line of reasoning is valid also vice versa, i.e. if someone assumes
first the infinitesimal change of the angle ¢.

In principle in every isolated physical system there could exist more such mechanisms
that keep energy constant. One can then say that the magnetization vector is situated along a
generatrix of a given cone whose axis coincides with the direction of a stabilizing magnetic
field [11]. One can also say that any rotation (precession) of the magnetization vector at
¢ = const around the direction of this stabilizing magnetic field makes the operation of
symmetry of the spin glass state. As it was mentioned at the end of Section 5 the symmetry
group of this precession is SO(2).

Moreover such a precession could be modulated by the two effects mentioned above: the
random Gaussian-like change of the value of the magnetization vector and the corresponding
change of the angle ¢ (or the two effects in the reverse sequence). Both these effects
compensate with respect to each other their influence onto the total energy of the system.
Thus the total energy remains unchanged. As mentioned above the eventual quantization
of this (modulated) precession can also be realized.

Fig. 1 presents the structure of the spin glass state with the magnetization vector
oriented along a generatrix of a given cone whose axis coincides with the direction of this
stabilizing magnetic field. According to the above remarks the magnetization vector M, (r)
of the spin glass state in the point given by the position vector r is presented as follows:

1 (r—r;)’
M, (1) = —=—= ) (0)/*m; exp [—— , (40)
Jam = 2o
where r; is the vector position of the i-th magnetic atom carrying the magnetic moment
m;, o; is variance of the Gauss distribution.

8. Discussion

In the present paper a description of the magnetic structures and their symmetry groups in
terms of fibre bundles has been introduced including the case of the spin glass state.

Such an approach turns out to be the most general, because it is based on the most
general product of two arbitrary spaces, namely on the Cartesian product, which is very
suitable to the combination of two “worlds”, e.g. the “world of positions” (R?) and the
“world of spins” (V3) [14]. Thus the description of crystal structures is to be carried out in
R3, whereas the description of spin structures is to be carried out in V.

The total magnetic group G, inthe space Eg is the tensor product of the magnetic group
G,, and the space group G, of the crystal structure, where m = f, a, s, fs, ss,t,[, sg,
where: f — ferromagnetic, a — antiferromagnetic, s — simple spiral, fs — ferromagnetic
spiral, ss — skew spiral, 7 — transverse spin wave, / —longitudinal spin wave, sg —spin glass.

A global magnetic coupling constant J(—q') can be used for all the eight magnetic
structures. As concerns the spin glass state, J(—q’) exhibits a randomness of the Gaussian
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Figure 1. Structure of the spin glass state with the magnetization vector situated along a generatrix
of a given cone whose axis coincides with the direction of the stabilizing magnetic field. This cone
is parametrized by the angle ¢ . Any rotation (precession) of the magnetization vector at ¢ = const
around the direction of this stabilizing magnetic field makes the operation of symmetry of the spin
glass state.

type because in this case the second term both in Eq. (38) and Eq. (36) does not vanish,
whereas for all the remained seven magnetic structures it does.

It is the appearance of the probability function p(i, j) in both these second terms
which describes the random distribution of either dopants or defects in the ferromagnetic
matrix under the percolation threshold. On this basis the Gaussian type randomness has
been derived for both the global magnetic coupling constant and the magnetization vector,
the latter effect bringing to the statistical features of the structure and the symmetry group
of the spin glass state (see Sections 5 and 6).

Note that Egs. (5-7) from one side and Eq. (40) from the other side have the same
form although they have been obtained on the basis of quite different fundamental ideas.
Thus for the first case it was rather intuition which led the authors to the Egs. (5-7) via the
extension of the individual magnetic moments to the continuity mode. In the second case
Eq. (40) has been derived starting from the assumed special form of Hamiltonian (Eq. (36))
and with the use of the solution of the quantum-mechanical equation for magnetization in
the external magnetic field (Eq. (37)) assumed to be equal to zero. In both cases use has
been made of the central limit theorem of the theory of probability (the Lyapunov theorem).

Note that the second case—being scientifically more fundamental—gives approval to
the first one. One has to add that o; in Eq. (40) corresponds to & in Eq. (5). Special emphasis
has been put on the global magnetic coupling constant (Eq. (38)). Its interpretation has also
been made.
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Thus the fibre bundle approach equates the method of the symmetry analysis of mag-
netic structures with the method of the higher dimensional embeddings of the modulated
structures. The symmetry groups appearing in the method of the symmetry analysis become
structural groups of the bundles.

From the other side a higher dimensional space needed to the description of a modulated
structure makes here the total space of the bundle. Thus these three methods, namely the
symmetry analysis, the higher dimensional embeddings and the fibre bundles are equivalent.

The analogous situation is with the description of the magnetic structures with the use
of the spin groups, where an additional type of symmetry operation is introduced [1-3].
This operation is represented by the time reversal operator », which changes the sign of
either the magnetic moment or spin. The time reversal operator there is represented by the
Z, group with two elements only: —1, +1.

This operator then acts as follows:

r®Gy =Gy ={(r, M}, (41)

where A belongs to G 4 . In this description a general point in the four-dimensional space,
where G’y acts, is represented by x, y, z,s, and s is equal to either +1 or —1. In our
approach the time reversal operator is already included into the groups G,, , where m =
f,a,s, fs,ss, t,l,sg as one of their elements.

Note that the Gaussian factor introduced above plays a double role: it makes the vector
M to be a field and simultaneously makes the description of the magnetic structures more
physical.

It seems that the fibre bundle approach could serve also for the description of the
symmetry groups of all the other aperiodic structures, like e.g. the modulated nonmagnetic
structures, quasicrystals (nonmagnetic and magnetic) etc.

It is worthwhile to mention here that these different magnetic structures have been
found by the authors to be related with the values of certain topological invariants [19].
This will be the subject of other paper.
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